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We study the modifications to the real part of the thermal self-energy for chiral fermions in the
presence of a constant external hypermagnetic field. We compute the dispersion relation for fermions
occupying a given Landau level to first order in g′
2
, g2 and g2φ and to all orders in g
′B, where g′
and g are the U(1)Y and SU(2)L couplings of the standard model, respectively, gφ is the fermion
Yukawa coupling, and B is the hypermagnetic field strength. We show that in the limit where the
temperature is large compared to
√
g′B, left- and right-handed modes acquire finite and different
B-dependent masses due to the chiral nature of their coupling with the external field. Given the
current bounds on the strength of primordial magnetic fields, we argue that the above is the relevant
scenario to study the effects of magnetic fields on the propagation of fermions prior and during the
electroweak phase transition.
PACS numbers: 12.15.-y, 98.62.En, 11.55.Fv, 13.10.+q
I. INTRODUCTION
The study of the origin and properties of large scale
magnetic fields has become a subject of intense research
over the last years [1]. Experimental bounds on their
strength can be set for astrophysical objects whose local
electron density and spatial structure is known or can be
estimated [2, 3]. For example, in the case of our galaxy,
both quantities are reasonably well known and the av-
erage field strength B has been measured to be on the
order of 3 - 4 µG. Several other spiral galaxies in the
local group contain magnetic fields of similar intensities.
At larger scales, only model dependent upper limits can
be established. These limits are also in the few µG range.
In the intracluster medium, recent results have shown the
existence of µG magnetic fields [4, 5]. For intergalactic
large scale fields (dissociated from any particular galaxy
or cluster of galaxies), an upper bound of 10−9G has been
estimated by taking reasonable values for the magnetic
coherence length [2].
The origin of these fields is nowadays unknown but it
is widely accepted that in order to generate them, two
important ingredients are needed: a mechanism for cre-
ating the seed fields and a process for amplifying both
their amplitude and their coherence scale [1, 6]. Gener-
ation of the seed field may be either primordial or as-
sociated to the process of structure formation. During
the evolution of the early universe there are a number of
proposed mechanisms that could possibly generate pri-
mordial magnetic fields. Among the best suited are first
order phase transitions [7, 8, 9], which provide favorable
conditions for magnetogenesis such as charge separation,
turbulence and out-of-equilibrium conditions.
Independently of their origin, the presence of primor-
dial magnetic fields during the evolution of the early uni-
verse could have had important consequences on some
cosmological phenomena. For instance, magnetic fields
can influence big bang nucleosynthesis, thus affecting the
primordial abundance of light elements and the rate of
expansion of the universe.
Recall that within the standard model (SM) and prior
to the electroweak phase transition (EWPT), the only
magnetic modes able to propagate for large distances be-
longed to the (Abelian) U(1)Y group and are therefore
properly called hypermagnetic fields. Non-Abelian mag-
netic fields develop a magnetic mass through interactions
in the electroweak plasma and are thus screened. Conse-
quently, fermions coupled chirally to the magnetic fields
through their weak hypercharge. It has recently been
shown that the chiral nature of this coupling is directly
responsible for the building up of an axial asymmetry
during the scattering of fermions with the bubbles of a
first order EWPT [10, 11]. Another interesting question
is to what extent the hypermagnetic fields affected the
thermal properties of these chiral fermions prior to the
EWPT. This is the issue we take up in this article. In
particular, we study the modification to the mass and
dispersion relation of these chiral fermions in the pres-
ence of a constant hypermagnetic field.
This question has been recently explored in Refs. [12],
in the limit where
√
g′B is large compared to the tem-
perature, where g′ is the U(1)Y coupling constant. Nev-
ertheless, for homogeneous fields, under the assump-
tion of adiabatic amplification, the current bound B0 ∼
10−9 G set by the COBE measurement of temperature
anisotropies [13], gives an upper limit g′B ≤ T 2, at the
EWPT. However, there is no direct bound on the mag-
netic energy density as long as this is much smaller than
the radiation energy density, and this condition is satis-
fied for T ≫ √g′B. In any case, the current observations
seem to favor the scenario in which T is larger –if not
much larger– than
√
g′B, prior to and during the EWPT.
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FIG. 1: Feynman diagrams contributing to the chiral fermion
self-energy at one loop.
In this work we compute the self-energies for left- and
right-handed fermions in the relevant context of the SM
for temperatures prior to the EWPT in the presence of
hypermagnetic fields. We use Schwinger’s proper time
method [14, 15] to incorporate the effects of the external
field to all orders in g′B in the propagators and work
at one loop level. By considering the limit T ≫ √g′B
we find the dispersion relations for these fermions. We
show that for a given Landau level, these modes acquire
finite and different B-dependent thermal masses due to
the chiral nature of the fermion coupling to the hyper-
magnetic field. We also find the mass splitting between
particle and collective (hole) excitations. In terms of the
kinematice regimes of temperature and magnetic fields,
our work compliments the one in Ref. [12].
The work is organized as follows: In Sec. II we compute
the finite temperature fermion self-energies at one-loop
in the presence of an external hypermagnetic field using
Schwinger’s proper time method. In Sec. III, we work
in the weak field limit and in Sec. IV we further con-
sider the high-temperature limit. In Sec. V we find the
mass and dispersion relations for left- and right-handed
modes. Although the sample calculation presented there
has been worked out for the top quark alone, the formal-
ism presented is general and can be readily applied to the
case of any SM fermion. We summarize and discuss our
results in Sec. VI.
II. CHIRAL FERMION SELF-ENERGIES IN A
CONSTANT HYPERMAGNETIC FIELD
The Feynman diagrams contributing to the one-loop
left- and right-handed fermion self energies in the sym-
metric phase of the SM are depicted in Fig. 1. Fig-
ures 1(c) and (d) represent the contributions from in-
ternal Higgs boson lines and are thus proportional to g2φ,
where gφ is the Yukawa coupling for the given fermion
species. Since the Yukawa couplings and the vacuum
masses of fermions are proportional to each other, the
contribution from these diagrams is only significant for
the top quark for which gφ ∼ O(1). Since we are in-
terested in describing the thermal properties of fermions
propagating in the early universe where the particle an-
tiparticle asymmetry is small, we consider that the chem-
ical potential vanishes and thus that there is no contri-
bution to the self-energies from tadpole diagrams.
In order to consider the effect of the external field to
all orders in
√
g′B, we need to write the exact propa-
gators in the presence of a constant hypermagnetic field.
Notice that gauge boson propagators in the internal lines
of Fig. 1 (a) and (b) do not couple to an external U(1)Y
field and thus do not need to be dressed by the effects
of this field. We take B oriented in the zˆ direction. Us-
ing Schwinger’s proper-time method, it is possible to ob-
tain the exact expressions for the vacuum propagators of
the massless (hyper)charged fermion and scalar-boson,
S0(x
′, x′′) and D0(x
′, x′′), respectively
S0(x
′, x′′) = φ(x′, x′′)
∫
d4k
(2π4)
e−ik·(x
′−x′′)S0(k)
D0(x
′, x′′) = φ∗(x′, x′′)
∫
d4k
(2π4)
e−ik·(x
′−x′′)D0(k), (1)
where S0(k) and D0(k) are given by
iS0(k) ≡
∫ ∞
0
ds
cos z
exp
[
is
(
k2|| − k2⊥
tan z
z
)
− ǫ|s|
]{
k6 ||eizΣ3 −
k6 ⊥
cos z
}
iD0(k) ≡
∫ ∞
0
ds
cos z˜
exp
[
is
(
k2|| − k2⊥
tan z˜
z˜
)
− ǫ|s|
]
, (2)
where for simplicity we write z = g′Y Bs and z˜ =
YφBs/2, with Y = Y
R,L/2 the hypercharge for the left-
or right-handed mode of the given fermion species, and
Yφ the hypercharge for the boson field. Also, in Eq. (2)
we use the definitions
(a · b)|| = a0b0 − a3b3
(a · b)⊥ = a1b1 + a2b2 , (3)
3and
Σ3 ≡ σ12 = i
2
[γ1, γ2] =
(
σ3 0
0 σ3
)
. (4)
The vacuum gauge boson propagator is simply given
by
Gµν0 (q) = −
1
q2 + iǫ
[
gµν −
(
1− 1
ξ
)
qµqν
q2
]
, (5)
where ξ is the gauge-fixing parameter. The phase factor
φ in Eqs. (1) is given by
φ(x′, x′′) = exp
[
ig′Y
∫ x′
x′′
dxµA
µ(x)
]
. (6)
and does not depend on the integration path. It depends
however on the choice of the residual gauge freedom. We
work in the symmetric gauge Aµ = − 12Fµνxν and thus
φ(x′, x′′) = exp
(
i
g′Y
2
xµ
′′Fµνx′ν
)
. (7)
We use the real-time formulation of thermal field the-
ory, writing the fermion, scalar-boson and gauge-boson
propagators at finite temperature as
S(x′, x′′) = φ(x′, x′′)
∫
d4k
(2π4)
e−ik·(x
′−x′′)S(k)
D(x′, x′′) = φ∗(x′, x′′)
∫
d4k
(2π4)
e−ik·(x
′−x′′)D(k)
G(x′, x′′) =
∫
d4k
(2π4)
e−ik·(x
′−x′′)G(k) , (8)
where
S(k) = S0(k)− n˜F (k0)[S0(k)− S¯0(k)]
D(k) = D0(k) + nB(k0)[D0(k)−D∗0(k)]
Gµν(k) = Gµν0 (k) + nB(k0)[G
µν
0 (k)−Gµν∗0 (k)] . (9)
In Equations (9), n˜F (k0) = n˜(k0)θ(k0) + n˜(−k0)θ(−k0)
and nB = n(k0)θ(k0) + n(−k0)θ(−k0) where
n˜(k0) =
1
ek0/T + 1
n(k0) =
1
ek0/T − 1 (10)
are the Fermi-Dirac and Bose-Einstein distributions, re-
spectively. In analogy to Eqs. (8), the corresponding ex-
pression for the fermion self-energy is given by
Σ(x′, x′′) = φ(x′, x′′)
∫
d4k
(2π4)
e−ik·(x
′−x′′)Σ(k) . (11)
The contribution to the fermion self-energy stemming
from the exchange of gauge bosons, depicted in Figs. 1(a)
and (b) can be generically written as
− iΣgauge(k) = iG2
∫
d4p
(2π)4
{
R
1
}
γµS(p)G
µν(q)γν
{
L
1
}
, (12)
where R = 12 (1 + γ5), L =
1
2 (1 − γ5) and G stands for
g
2 or g
′Y . The upper row in Eq. (12) refers to the case
where the external fermion is left-handed and the lower
row corresponds to the case where the external fermion is
right-handed. On the other hand, the contribution to the
fermion self-energy coming from the exchange of a scalar
boson, depicted in Figs. 1 (c) and (d) can be generically
written as
− iΣscalar(k) = g2φ
∫
d4p
(2π)4
S(p)D(q) , (13)
In Eqs. (12) and (13), q = k − p.
Since we are interested in computing the dispersion
relation, we look at the real parts of Eqs. (12) and (13)
and thus
i
∫
d4p
(2π)4
γµS(p)G
µν(q)γν → ΣW (k) + Σf (k)
i
∫
d4p
(2π)4
S(p)D(q)→ Σφ(k) + Σfφ(k) , (14)
where we have defined
ΣW (k) ≡ −2π
∫
d4p
(2π)4
γµS0(p)γ
µδ(q2)nB(q)
Σf (k) ≡ i
∫
d4p
(2π)4
γµ
[S0(p)− S¯0(p)]
q2 + iǫ
γµn˜F (q)
Σφ(k) ≡ i
∫
d4p
(2π)4
S0(p)[D0(q)−D∗0(q)]nB(q)
Σfφ(k) ≡ −i
∫
d4p
(2π)4
D0(q)[S0(p)− S¯0(p)]n˜F (p) (15)
and in the first of Eqs. (14) we have left out the term
proportional to (1 − 1/ξ) since in the large temperature
limit its contribution will be sub-dominant.
4In what follows, we work out explicitly the expression
for ΣW and quote the result for the rest of the terms
contributing to Eqs. (14).
We first introduce the representations
δ(q2) =
1
2π
∫ ∞
−∞
dtei(tq
2+i|t|ǫ)
1
q2 + iǫ
= −i
∫ ∞
0
dteit(q
2+iǫ) . (16)
Using the first of Eqs. (1) into the expression for ΣW (k)
and after performing the Gaussian integrations, we ob-
tain
ΣW (k) = 2
∫
dp0
(2π)4
nB(q0)
∫ ∞
−∞
dt
∫ ∞
0
ds
(
π
i[s+ t]
)1/2(
π
i[ s tan zs + t]
)
sec2 z
exp
{
i
[
sp20 + t(p0 − k0)2 −
(
ts
s+ t
)
k23 −
(
t tan z
tan z + Y Bt
)
k2⊥
]
− (|t|+ |s|)ǫ
}
{[
p0u6 +
(
t
s+ t
)
k3b6
]
exp {ig′Y BsΣ3} cos z −
(
t
s tan z
z + t
)
(γ · k)⊥
}
, (17)
where we have introduced the definitions
uµ = (1, 0, 0, 0)
bµ = (0, 0, 0, 1) . (18)
Equation (17) is not an operator but rather a complicated
function of k. There is a way however to convert it into
a gauge invariant operator [14, 16] which, when acting
on the wave functions of interest (see Sec. V) has simple
properties.
Notice that since φ(x′, x′′) depends only on x′⊥ and x
′′
⊥,
we can write
Σˆ(x′, x′′) ≡ 〈x′|Σˆ|x′′〉
=
∫
d2k||
(2π)2
e−ik·(x
′−x′′)||
{
φ(x′, x′′)
∫
d2k⊥
(2π)2
eik·(x
′−x′′)⊥Σ(k)
}
.(19)
We now use the relations [16]
φ(x′, x′′)
∫
d2k⊥
(2π)2
eik·(x
′−x′′)⊥ exp
[
−i tan v
g′Y B
k2⊥
]
= 〈x′| exp
[
−i v
g′Y B
Π
2
⊥
]
|x′′〉 cos v
φ(x′, x′′)
∫
d2k⊥
(2π)2
eik·(x
′−x′′)⊥ exp
[
−i tan v
g′Y B
k2⊥
]
(γ · k)⊥ = 〈x′| exp
[
−i v
g′Y B
(Π2⊥ − g′Y BΣ3)
]
Π6 ⊥|x′′〉 cos2 v ,(20)
where Πµ = kµ − g′Y Aµ and we have introduced the
definition
tan v =
g′Y Bt tan z
tan z + g′Y Bt
. (21)
Using Eqs. (11), (17) and (20), we obtain
ΣˆW = 2
∫
dp0
(2π)4
nB(q0)
∫ ∞
−∞
dt
∫ ∞
0
ds
(
π
i[s+ t]
)1/2(
π
i[ s tan zs + t]
)
sec2z cos v
exp
{
i
[
sp20 + t(p0 − k0)2 −
(
ts
s+ t
)
k23 −
(
v
g′Y B
)
Π
2
⊥
]
− (|t|+ |s|)ǫ
}
{[
p0u6 +
(
t
s+ t
)
k3b6
]
exp {ig′Y BsΣ3} cos z −
(
t cos v
s tan z
z + t
)
exp {iΣ3v}Π6 ⊥
}
. (22)
5The result obtained so far is valid for any strength of the
magnetic field. In order to pursue our objective though,
in the next section we explore the weak field limit.
III. WEAK FIELD LIMIT
In anticipation to considering the limit T ≫ √g′B, let
us expand the integrand in Eq. (22) up to linear order
in B. Care has to be taken when considering the terms
where B is added linearly to Π2, since, as we will show
below (Sec. V), for Landau levels with a large principal
quantum number n, Π2 ≃ k23 + g′Y R,LBn. For these
terms we thus keep the full dependence on B.
After expanding to linear order in B in the appropri-
ate terms and performing the shift k0 − p0 → p0 in the
variable of integration, we get
ΣˆW =
1
8π5/2
∫ ∞
−∞
dp0nB(p0)
∫ ∞
−∞
dt
∫ ∞
0
ds
(
1
i[s+ t]
)3/2
exp
{
i(tp20 + s(k0 − p0)2 −
st
s+ t
Π
2)− (|t|+ |s|)ǫ
}
{[
(k0 − p0)u6 +
(
t
s+ t
)
k3b6
]
exp {ig′Y BsΣ3} −
(
t
s+ t
)
exp
{
i
(
st
s+ t
)
g′Y BΣ3
}
Π6 ⊥
}
, (23)
where Π2 = Π2⊥+ k
2
3. To carry out the integrations over
s and t, for the integration region 0 ≤ s ≤ ∞, 0 ≤ t ≤ ∞
we make the change of variables
t = xy
s = x(1 − y) , (24)
and for the integration region 0 ≤ s ≤ ∞, −∞ ≤ t ≤ 0
we make the change
t = xy
s = x(1 + y) . (25)
After performing the integrals over x and y we obtain
ΣˆW =
1
8π2
∫ ∞
−∞
dp0nB(p0)
{[
(k0 − p0)u6√
Π2
+
k3b6
2(Π2)3/2
(
p20 − (k0 − p0)2 −Π2 − g′Y BΣ3
)]
ln
∣∣∣∣∣p
2
0 − (k0 − p0)2 −Π2 − g′Y BΣ3 − 2
√
Π2
√
(k0 − p0)2 + g′Y BΣ3
p20 − (k0 − p0)2 −Π2 − g′Y BΣ3 + 2
√
Π2
√
(k0 − p0)2 + g′Y BΣ3
∣∣∣∣∣
+
Π6 ⊥
2(Π2 − g′Y BΣ3)3/2
(
p20 − (k0 − p0)2 −Π2 + g′Y BΣ3
)
× ln
∣∣∣∣∣p
2
0 − (k0 − p0)2 −Π2 + g′Y BΣ3 − 2
√
Π2
√
(k0 − p0)2 + g′Y BΣ3
p20 − (k0 − p0)2 −Π2 + g′Y BΣ3 + 2
√
Π2
√
(k0 − p0)2 + g′Y BΣ3
∣∣∣∣∣
+
2k3b6
Π2
√
(k0 − p0)2 + g′Y BΣ3 + 2Π6 ⊥
Π2 − g′Y BΣ3
√
(k0 − p0)2
}
. (26)
In a similar fashion, we can compute the corresponding expressions for Σˆf , Σˆφ and Σˆfφ with the results
Σˆf = − 1
8π2
∫ ∞
−∞
dp0n˜F (p0)
{[
p0u6√
Π2
+
k3b6
2(Π2)3/2
(
p20 − (k0 − p0)2 +Π2 + g′Y BΣ3
)]
ln
∣∣∣∣∣p
2
0 − (k0 − p0)2 −Π2 + g′Y BΣ3 − 2
√
Π2
√
(k0 − p0)2
p20 − (k0 − p0)2 −Π2 + g′Y BΣ3 + 2
√
Π2
√
(k0 − p0)2
∣∣∣∣∣
6− Π6 ⊥
2(Π2 + g′Y BΣ3)3/2
(
p20 − (k0 − p0)2 +Π2 + g′Y BΣ3
)
× ln
∣∣∣∣∣p
2
0 − (k0 − p0)2 −Π2 − g′Y BΣ3 − 2
√
(k0 − p0)2
√
Π2 + g′Y BΣ3
p20 − (k0 − p0)2 −Π2 − g′Y BΣ3 + 2
√
(k0 − p0)2
√
Π2 + g′Y BΣ3
∣∣∣∣∣
− 2k3b6
Π2
√
(k0 − p0)2 − 2Π6 ⊥
Π2 + g′Y BΣ3
√
(k0 − p0)2
}
,
Σˆφ =
1
16π2
∫ ∞
−∞
dp0nB(p0)
{[
(k0 − p0)u6√
Π2
+
k3b6
2(Π2)3/2
(
p20 − (k0 − p0)2 −Π2 + g′Y BΣ3
)]
ln
∣∣∣∣∣p
2
0 − (k0 − p0)2 −Π2 + g′Y BΣ3 − 2
√
Π2
√
(k0 − p0)2 − g′Y BΣ3
p20 − (k0 − p0)2 −Π2 + g′Y BΣ3 + 2
√
Π2
√
(k0 − p0)2 − g′Y BΣ3
∣∣∣∣∣
+
Π6 ⊥
2(Π2 +
g′Yφ
2 BΣ3)
3/2
(
p20 − (k0 − p0)2 −Π2 −
g′Yφ
2
BΣ3
)
× ln
∣∣∣∣∣∣
p20 − (k0 − p0)2 −Π2 − g
′Yφ
2 BΣ3 − 2
√
Π2 +
g′Yφ
2 BΣ3
√
(k0 − p0)2
p20 − (k0 − p0)2 −Π2 − g
′Yφ
2 BΣ3 + 2
√
Π2 +
g′Yφ
2 BΣ3
√
(k0 − p0)2
∣∣∣∣∣∣
+
2k3b6
Π2
√
(k0 − p0)2 − g′Y BΣ3 + 2Π6 ⊥
Π2 +
g′Yφ
2 BΣ3
√
(k0 − p0)2
}
,
Σˆfφ = − 1
16π2
∫ ∞
−∞
dp0n˜F (p0)
{[
p0u6√
Π2
− k3b6
2(Π2)3/2
(
p20 − (k0 − p0)2 +Π2 − g′Y BΣ3
)]
ln
∣∣∣∣∣p
2
0 − (k0 − p0)2 −Π2 − g′Y BΣ3 − 2
√
Π2
√
(k0 − p0)2
p20 − (k0 − p0)2 −Π2 − g′Y BΣ3 + 2
√
Π2
√
(k0 − p0)2
∣∣∣∣∣
− Π6 ⊥
2(Π2 +
g′Yφ
2 BΣ3)
3/2
(
p20 − (k0 − p0)2 +Π2 +
g′Yφ
2
BΣ3
)
× ln
∣∣∣∣∣∣
p20 − (k0 − p0)2 −Π2 − g
′Yφ
2 BΣ3 − 2
√
(k0 − p0)2
√
Π2 +
g′Yφ
2 BΣ3
p20 − (k0 − p0)2 −Π2 − g
′Yφ
2 BΣ3 + 2
√
(k0 − p0)2
√
Π2 +
g′Yφ
2 BΣ3
∣∣∣∣∣∣
− 2k3b6
Π2
√
(k0 − p0)2 − 2Π6 ⊥
Π2 +
g′Yφ
2 BΣ3
√
(k0 − p0)2
}
. (27)
As mentioned earlier, current observations suggest that
the temperature was higher as compared to the magnetic
field strength prior to the EWPT. In the next section we
consider such scenario, i.e., T ≫ √g′B.
IV. HIGH TEMPERATURE LIMIT
It is well known that the consistent picture that sys-
tematically accounts for the leading temperature effects
in relativistic plasmas, appropriate for situations where
the largest energy scale is set by the temperature, is the
so called Hard Thermal Loop approximation [17]. This
approach guarantees, in particular, that the temperature
corrections to the pole of particle propagators are gauge
independent. The approach remains valid also in the
presence of magnetic fields [18] and in the present con-
text is implemented by recalling that the leading contri-
bution to expressions such as Eqs. (26) and (27) comes
from large momenta (of order T ) in the integrand. In this
approximation, terms proportional to the factor (1−1/ξ)
originating from Eq. (5) are sub-leading and can be ig-
nored. Therefore, considering only the large p0 region in
Eqs. (26) and (27), and using that
∫ ∞
−∞
dp0p0nB(p0) =
π2T 2
3
,
∫ ∞
−∞
dp0p0n˜F (p0) =
π2T 2
6
, (28)
the left- and right-handed fermion self-energies become
7ΣˆL =
m2L
k0
√
(Π2)L
Q
(
k0,
√
(Π2)L
)
k0γ0 +
m2L
(Π2)L
S
(
k0
√
(Π2)L
)
k3γ3
+
[
m2L
(Π2)L + g′ YL2 Bσ3
S
(
k0,
√
(Π2)L + g′
YL
2
Bσ3
)
+
g2φT
2
16


S
(
k0,
√
(Π2)L + g′
Yφ
2 Bσ3
)
(Π2)L + g′
Yφ
2 Bσ3
−
S
(
k0,
√
(Π2)L + g′ YL2 Bσ3
)
(Π2)L + g′ YL2 Bσ3



(ΠL · γ)⊥ ,
ΣˆR =
m2R
k0
√
(Π2)R
Q
(
k0,
√
(Π2)R
)
k0γ0 +
m2R
(Π2)R
S
(
k0
√
(Π2)R
)
k3γ3
+
[
m2R
(Π2)R + g′ YR2 Bσ3
S
(
k0,
√
(Π2)R + g′
YR
2
Bσ3
)
+
g2φT
2
8


S
(
k0,
√
(Π2)R + g′
Yφ
2 Bσ3
)
(Π2)R + g′
Yφ
2 Bσ3
−
S
(
k0,
√
(Π2)R + g′ YR2 Bσ3
)
(Π2)R + g′ YR2 Bσ3



(ΠR · γ)⊥ , (29)
where
ΣˆL =
[(
g′YL
2
)2
+
(
g2
2
)][
ΣˆW |YL/2 + Σˆf |YL/2
]
+ (g2φ)
[
Σˆφ|YL/2 + Σˆfφ|YL/2
]
,
ΣˆR =
(
g′YR
2
)2 [
ΣˆW |YR/2 + Σˆf |YR/2
]
+ 2g2φ
[
Σˆφ|YR/2 + Σˆfφ|YR/2
]
, (30)
and where we have defined the thermal left- and right-
handed masses by [19]
m2L =
[(
g′YL
2
)2
+
g2
2
+
g2φ
2
](
T 2
8
)
,
m2R =
[(
g′YR
2
)2
+ g2φ
](
T 2
8
)
, (31)
and the functions Q and S by
Q
(
k0,
√
Π2
)
=
1
2
ln
∣∣∣∣∣k0 +
√
Π2
k0 −
√
Π2
∣∣∣∣∣ ,
S
(
k0,
√
Π2
)
= 1− k0
2
√
Π2
ln
∣∣∣∣∣k0 +
√
Π2
k0 −
√
Π2
∣∣∣∣∣ . (32)
Armed with the expressions for the right- and left-
handed self-energies, we are now in the position to
compute the dispersion relation. We first need to find
the appropriate wave functions upon which the above op-
erators act. We begin next section finding such solutions.
V. CHIRAL FERMION DISPERSION
RELATIONS
We work explicitly in the chiral representation of the
γ-matrices, namely,
γ0 =
(
0 −I
−I 0
)
γ =
(
0 σ
−σ 0
)
γ5 =
(
I 0
0 −I
)
.(33)
In order to find the dispersion relation for left- and right-
handed modes, let us look for the eigenvalues of the ef-
fective Dirac equation
(Π6 −Σˆ)Ψ = 0 , (34)
where Σˆ = ΣˆL L + ΣˆR R. A suitable ansatz for the
solution to Eq. (34) is found by noticing that inclusion
of self-interactions does not alter the chiral nature of the
equation. Thus, the solution is found in the same manner
as for the case when Σˆ = 0 and is given in cylindrical
coordinates by [11]
8Ψ(r, φ, z) ≡


ΨR1
ΨR2
ΨL1
ΨL2

 =


{
CR1 In−1,s(ρ
R)ei(l−1)φ
iCR2 In,s(ρ
R)eilφ
}
eik
Rz{
CL1 In−1,s(ρ
L)ei(l−1)φ
iCL2 In,s(ρ
L)eilφ
}
eik
Lz

 , (35)
where CR,L1 and C
R,L
2 are constants,
ρR,L ≡ γR,Lr2
γR,L ≡ g
′Y R,L
4
B , (36)
and In,s(ρ) are the Laguerre functions given in terms of
the Laguerre polynomials Qn−ss by
In,s(ρ) =
1
(n!s!)1/2
e−ρ/2ρ(n−s)/2Qn−ss (ρ) , (37)
satisfying the normalization condition∫ ∞
0
dρI2n,s(ρ) = 1 . (38)
n = l + s is called the principal quantum number that
labels the corresponding Landau level and must be a non-
negative integer. Defining
− iΠR,L± = ΠR,L1 ± iΠR,L2 ,
it is easy to show that
Π
R,L
+ In−1,s = −
√
4nγR,LIn,s
Π
R,L
− In,s =
√
4nγR,LIn−1,s
(Π2⊥)
R,L = ΠR,L− Π
R,L
+ −
g′Y R,L
2
B , (39)
and therefore
(
(Π2⊥)
R,L +
g′Y R,L
2
Bσ3
){
ΨR,L1
ΨR,L2
}
= (4γR,Ln)
{
ΨR,L1
ΨR,L2
}
,
(
(Π2⊥)
R,L +
g′Y R,L
2
Bσ3
){
ΨR,L1
ΨR,L2
}
=


g′
[
(n− 12 )Y R,L +
Yφ
2
]
BΨR,L1
g′
[
(n− 12 )Y R,L +
Yφ
2
]
BΨR,L2

 . (40)
Using Eqs. (31) and (40) into the effective Dirac equation,
Eq. (34), we find the conditions for the existence of self-
consistent solutions in the form of the secular equations
det∆R,L = 0 , (41)
where ∆R,L are given by
∆R,L =


UR,L+
(√
g′(n− 12 )Y R,LB + k23
)
V R,L
(√
g′
[
(n− 12 )Y R,L +
Yφ
2
]
B + k23
)
V R,L
(√
g′
[
(n+ 12 )Y
R,L +
Yφ
2
]
B + k23
)
UR,L−
(√
g′(n+ 12 )Y
R,LB + k23
)

 , (42)
and the functions U± and V± are given by
UR,L± (x) = k0
[
1− m
2
R,L
k0x
Q (k0, x)
]
± k3
[
1 +
m2R,L
x2
S (k0, x)
]
9V L(x) =
√
g′nY LB
{
1 +
(m2L − g2φT 2/16)
(g′nY LB + k23)
S
(
k0,
√
g′nY LB + k23
)
+
(
g2φT
2
16
)
S (k0, x)
x2
}
V R(x) =
√
g′nY RB
{
1 +
(m2R − g2φT 2/8)
(g′nY RB + k23)
S
(
k0,
√
g′nY RB + k23
)
+
(
g2φT
2
8
)
S (k0, x)
x2
}
. (43)
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FIG. 2: Magnetic field dependence of the particle’s mass in
the lowest Landau level as a function of B parametrized as
B = bT 2 for (a) right-handed and (b) left-handed modes.
Upper curves are the exact solutions and lower curves the
analytical approximations.
Equation (41) can be solved to find the dispersion rela-
tion k0 = ω(k3), for any given Landau level. It is con-
venient however to pause for a moment and discuss the
dispersion relation for modes occupying the lowest Lan-
dau level (LLL), n = 0. In this case In−1,s → I−1,s and
since the Laguerre functions vanish when the principal
quantum number is a negative integer, the secular equa-
tion, Eq. (41), becomes simply
UR,L−
(√
g′
2
Y R,LB + k23
)
= 0 . (44)
Equation (44) gives the dispersion relation for left- and
right-handed modes in the LLL. Recall that the high-
temperature dispersion relation for fermions consists of
two branches [17] usually referred to as the particle and
the hole solutions. The hole is in fact a positive energy
solution that in the absence of thermal effects would just
correspond to a negative energy solution.
The fact that for each mode there is only one non-
vanishing solution to Eq. (44) means that only one pro-
jection of the spin relative to the direction of the exter-
nal fields is able to propagate. This is precisely what one
should expect for modes occupying the lowest possible
energy level. The potential energy of a particle interact-
ing with the external field is
U = −~µ · ~B ∝ −Y R,L ~S · ~B , (45)
with ~µ, the particle’s magnetic moment and ~S the parti-
cle’s spin. Suppose the mode refers to a particle solution
for a top-quark, then in Eq. (45), Y R,L > 0 . Thus,
U becomes a minimum for ~S and ~B parallel. Since the
modes are chiral and also eigenfunctions of the helicity
operator, left- (right)-handed particles can satisfy this
condition only if k3 < 0 (k3 > 0). This means that in the
LLL, left- (right)-handed particles can only exist moving
in the direction opposite (parallel) to the direction of the
external field, with modes with the opposite value of k3
being forbidden. For hole solutions the converse applies.
The dependence of the thermal mass on the magnetic
field strength for the LLL modes can also be computed
by considering the limit when k3 → 0 in Eq. (44) which
then becomes explicitly
k0 −
m2R,L√
g′
2 Y
R,LB
1
2
ln
∣∣∣∣∣∣
k0 +
√
g′
2 Y
R,LB
k0 −
√
g′
2 Y
R,LB
∣∣∣∣∣∣ = 0 . (46)
In order to obtain analytical results, let us consider the
limit in which k0 ∼ g′T ≫
√
g′B. Then, we can use the
Taylor expansion
1
2
ln
(
1 + x
1− x
)
≃ x+ x
3
3
, (47)
into Eq. (46) and obtain
mR,L(B) ≡ kR,L0 (k3 = 0)
=
mR,L√
2
(
1 +
√
1 +
2g′Y R,LB/3
m2R,L
)1/2
.(48)
We thus see that the effect of the magnetic field is to
increase the value of the thermal mass of the modes oc-
cupying the LLL. The increase however is different for
left- and right-handed fields as the hypercharge for these
modes is different. We also notice that in the limit when
B → 0, m(B)R,L → mR,L.
Figure 2 shows the behavior of the solutions of Eq. (46)
as functions of B parametrized by B = bT 2. We have
taken g′ = 0.344, g = 0.637 as corresponds to the values
of these coupling constants at the EWPT epoch, as well
as gφ = 1, YR =
4
3 and YL =
1
3 , as appropriate for top
quarks. Also shown in the figure is the approximate an-
alytical solution, Eq. (48). Notice that the difference be-
tween the exact and the approximate results grows with
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FIG. 3: Dispersion relation as a function of the longitudi-
nal momentum for right-handed (left panel) and left-handed
(right panel) modes for n = 1 and b = 0.1. Upper curves
are the particle solutions and lower curves the hole solutions.
Notice that the presence of the magnetic field breaks the de-
generacy for the mass of particle and hole solutions, pushing
the former to larger and the latter to lower values, as com-
pared to the thermal mass in the absence of a magnetic field,
for the given value of b.
b as is to be expected since the approximate solution,
Eq. (48), is only valid for values of b satisfying g′ ≫ b.
Figure 3 shows the dispersion relation for right- and
left-handed modes in the Landau level with n = 1. We
have used a value for the magnetic field with b = 0.1.
Notice that the presence of the magnetic fields breaks
the degeneracy in mass for particle and hole solutions.
For the value of b considered, the effect of the magnetic
field is to increase the mass for particle and reduce it
for hole solutions as compared to the value of the cor-
responding thermal mass in the absence of a magnetic
field. The mass splitting is different however for right-
and left-handed modes due to their different couplings to
the external field.
Figure 4 shows the magnetic field dependence of the
particle’s mass in the Landau level with n=10 as a func-
tion of B parametrized as B = bT 2 for right- and left-
handed modes. The mass splitting between particle and
hole solutions is more important for left-handed modes
for which the value of the hypercharge is smaller than
the corresponding value for right-handed modes.
VI. SUMMARY AND CONCLUSIONS
In this work we have computed the dispersion rela-
tion for chiral fermions in the symmetric phase of the
electroweak theory in the presence of a constant hyper-
magnetic field, at one loop level but all orders in g′B.
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FIG. 4: Magnetic field dependence of the particle’s mass in
the n=10 Landau level as a function of B parametrized as
B = bT 2 for right-handed (left panel) and left-handed (right
panel) modes. Upper curves are the particle and lower curves
the hole solutions.
Working in the limit T ≫ √g′B, we have shown that
left- and right-handed modes occupying the same Lan-
dau level, develop finite but different thermal masses due
to the chiral nature of their coupling to the external field.
In particular, in the LLL the thermal mass of the modes
is increased with increasing field strength. For the rest of
the levels with n 6= 0, the hypermagnetic field breaks the
mass degeneracy for particle and hole solutions, however
the mass splitting is different for left- and right-handed
modes as their couplings to the external fields are differ-
ent.
We have argued that, given the current bounds on the
strength of primordial magnetic fields, the large tempera-
ture, weak field limit corresponds to the relevant scenario
for the propagation of fermions prior and during the elec-
troweak phase transition.
Though the numerical calculations are performed for
top quarks, the results can also be applied to the case
of any SM fermion species that can couple minimally to
hypermagnetic fields prior to the EWPT through a non-
vanishing hypercharge. Our work shows that the motion
of such fermions is highly anisotropic since for any given
Landau level, it is directed along the field lines. Neutri-
nos can prove to be another interesting case since at their
decoupling, this anisotropic motion should be reflected in
the properties of the cosmic background of relic neutri-
nos. Thus, if these relic neutrinos were to be detected and
the anisotropy measured, this would provide a means of
confirming the existence of primordial magnetic fields in
the early universe. Another interesting consequence is
the asymmetry that can be generated in decay processes
of chiral fermions where particles with only one chiral-
ity are produced, such as beta decay. This is best illus-
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trated for the case of the lowest Landau level where only
one direction of motion is allowed for a given chirality of
the decay products. The same asymmetry is present in
higher Landau levels.
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